Chirality represents a kind of symmetry breaking characterized by the noncoincidence of an object with its mirror image and has been attracting intense attention in a broad range of scientific areas. The recent realization of spin-orbit coupling in ultracold atomic gases provides a new perspective to study quantum states with chirality. In this Letter, we demonstrate that the combined effects of spin-orbit coupling and interatomic soft-core long-range interaction can induce an exotic supersolid phase in which the chiral symmetry is broken with spontaneous emergence of circulating particle current. This implies that a finite angular momentum can be generated with neither rotation nor effective magnetic field. The direction of the angular momentum can be altered by adjusting the strength of spin-orbit coupling or interatomic interaction. The predicted chiral supersolid phase can be experimentally observed in Rydberg-dressed Bose-Einstein condensates with spin-orbit coupling. Introduction.-Chirality is a universal and fascinating phenomenon in nature [1, 2] . Exploring and investigating new states of matter with chirality is a prominent subject in physics, and can light the way to a deeper understanding of nature and provide clues for designing novel functional materials. The recent discovery of exotic chiral matter involving chiral superconductors [3], chiral electrons [4] , chiral domain walls [5] [6] [7] , and chiral skyrmions [8] has attracted extensive interests of physicists. In many of these systems, the existence of spinorbit (SO) coupling plays an important role in the symmetry breaking of chirality. Recent experimental realization of SO coupling in ultracold quantum gases [9-13] provides a highly controllable platform for the study of chirality [14, 15] .
Introduction.-Chirality is a universal and fascinating phenomenon in nature [1, 2] . Exploring and investigating new states of matter with chirality is a prominent subject in physics, and can light the way to a deeper understanding of nature and provide clues for designing novel functional materials. The recent discovery of exotic chiral matter involving chiral superconductors [3] , chiral electrons [4] , chiral domain walls [5] [6] [7] , and chiral skyrmions [8] has attracted extensive interests of physicists. In many of these systems, the existence of spinorbit (SO) coupling plays an important role in the symmetry breaking of chirality. Recent experimental realization of SO coupling in ultracold quantum gases [9] [10] [11] [12] [13] provides a highly controllable platform for the study of chirality [14, 15] .
Even though there are plenty of studies of SO coupling, most existing works focus only on hard-core systems, where the interatomic interaction is manifested as zero-range contact [16] [17] [18] [19] [20] [21] [22] [23] [24] or long-range dipolar potentials [25] [26] [27] . However, soft-core interaction can also be realized in Bose gases with Rydberg dressing technology [28] [29] [30] . The essential difference between the hardcore and soft-core interactions is the behavior of potential when two atoms are brought to close distance. For the hard-core case, the interaction tends to infinity, while for soft-core systems, the interaction potential tends to a finite value. Previous investigations [31, 32] suggested that the soft-core long-range interaction can induce a spontaneous supersolid, which is a long-sought exotic phase that behaves simultaneously as a solid and a friction-free superfluid [33] [34] [35] [36] [37] . With the new ingredient of SO coupling, an intriguing question is can we have a supersolid phase with chiral symmetry breaking in a Bose gas with soft-core long-range interactions.
In this Letter, we investigate the ground-state quantum phases of Bose gases with SO coupling and soft-core long-range interactions. A surprising finding is that the combined effects of SO coupling and soft-core long-range interaction can lead to a chiral supersolid in which spontaneous circulation of particles emerges in each unit cell. This implies that a finite angular momentum is generated by the chirality imposed by SO coupling, which is in stark contrast to the general expectation that the ground state of a many-body system cannot possess finite total angular momentum [38, 39] and also goes beyond the traditional means of yielding angular momentum by external rotation [40, 41] or synthetic magnetic fields [42] . The direction of the angular momentum is associated with the form of phase separation and can be altered by adjusting the strength of SO coupling or interatomic interaction. In addition, it is revealed that the Rashba and Dresselhaus SO couplings lead to opposite chiralities of the particle currents.
Model.-We consider a homogeneous two-dimensional SO-coupled Bose-Einstein condensate (BEC) with softcore long-range interactions. The Hamiltonian reads in the Gross-Pitaevskii mean-field approximation as
where σ x,y are the Pauli matrices, and κ denotes the SO coupling strength. Here, the sign " ± " distinguishes the types of SO couplings as Rashba for " + " and Dresselhaus for " − ".
The strength of the contact interaction is characterized by g ij , and here we focus on the SU(2) symmetric case with g = g ↑↑ = g ↓↓ = g ↑↓ . The effective potential describing the soft-core long-range interaction is written as
characterizes the interaction strength and R c represents the blockade radius [29] .
The experimental realization of the model Hamiltonian in Eq. (1) may be achieved with the (5S 1/2 , F = 1) ground electronic manifold of 87 Rb atoms, where two of the hyperfine states |F = 1, m F = −1 > and |F = 1, m F = 0 > are chosen to simulate the spin-up | ↑> and spin-down | ↓> components, respectively [43] . While the contact interaction exists naturally, the softcore long-range interaction can be artificially created by using the Rydberg dressing technique, where the groundstate atoms are weakly coupled to a highly excited Rydberg state by an off-resonant two-photon process [28] [29] [30] . The soft-core long-range interaction strengthsC (ij) 6 and blockade radius R c depend on the two-photon Rabi frequency and detuning, and can be tuned within a wide range in an experimentally accessible region [43] . The Rashba and Dresselhaus SO coupling may be created by modulating the gradient magnetic field [49] [50] [51] or Raman laser dressing [56] . The two-dimensional geometry can be realized by imposing a strong harmonic potential V (z) = M ω 2 z z 2 /2 along the axial direction with the characteristic length a hz = h/M ω z ≪ R c , in which case, the effective contact interaction strength is given by g ij = √ 8π(h 2 /M )(a ij /a hz ) with a ij being the s-wave scattering length [57] .
Chiral supersolid.-The many-body ground states can be obtained by numerically minimizing the Hamiltonian functional given by Eq. (1) [43] . In the case without SO coupling, it has been known that the soft-core long-range interactions can induce a supersolid phase with rotontype mode softening [28, 29] . In that case, the Hamiltonian is symmetric with respect to a chiral operation O =K, whereK denotes the complex conjugate. The existence of Rashba or Dresselhaus SO coupling explicitly breaks this chiral symmetry and leads to an exotic chiral supersolid phase with each unit cell possessing a clockwise or counterclockwise circulation of phase as shown in Fig. 1 . In this phase, the two spin components are separated along the radial direction in each unit cell. The component with weaker intracomponent interaction always lies in the center surrounded by the component with opposite spin with stronger intracomponent interaction. While the phase of the core component is trivial, there exists a 2π phase gradient along a closed path around the toroidal component forming a vortex in each unit cell. A are considered in an experimentally achievable parameter range [43] .
surprising observation is that all the vortices choose the same direction of circulation, which is distinct from those observed in an SO-coupled hard-core system, where vortices and antivortices emerge in pairs [58] [59] [60] [61] [62] [63] [64] [65] .
To get a physical picture of the emergence of these aligned vortices, we rewrite the Rashba SO coupling term
with Λ 0 defining the range of integration within one unit cell of the supersolid crystalline structure and decompose the wave function by its density and phase as Ψ j = √ n j exp(iθ j ). For the core component (denoted by the subscript "•"), the phase must satisfy ∂θ • /∂ϕ = 0 to avoid energy dissipation. In addition, by taking into account the rotational symmetry and neglecting the radial diffusion, it is natural to assume ∂n j /∂ϕ = 0 and ∂θ j /∂r = 0. As a result, we have
where the subscript "•" denotes the surrounding toroidal component, and the sign "±" takes "+" ("−") if the core component is spin-up (spin-down). In order to minimize the SO coupling energy, it is preferred that
with θ • a constant. This result indicates that the surrounding component tends to have a +2π (−2π) phase gradient if the core component is spin-up (spin-down), consistent with the numerical results shown in Fig. 1 . The radial phase separation within a unit cell and the nontrivial circulation of phase can be regarded as a topological spin texture. By defining the Bloch vector s = Ψ † σΨ/|Ψ| 2 , which projects the state Ψ onto the surface of a unit Bloch sphere, we obtain from Eq. (4) that s x = ± 1 − s 2 z sin ϕ, s y = ∓ 1 − s 2 z cos ϕ, and s z = (n ↑ − n ↓ )/(n ↑ + n ↓ ). Obviously, by running over a unit cell, the Bloch vectors cover the Bloch sphere for only one time. Thus, the chiral supersolid phase shown in Fig. 1 features similar properties as the Skyrmion crystal in magnetic materials [66] [67] [68] [69] [70] . This similarity can be understood from the perfect match of the Rashba-BEC Hamiltonian to that used in the study of chiral magnets with Dzyaloshinskii-Moriya interactions [14] .
The chiral supersolid acquires a spontaneous circulating particle current within each unit cell. In the hydrodynamic theory [14, 71, 72] , the mass conservation requires that the actual particle current in the presence of a gauge potential is given by
where the gauge potential is A = −κM (σ x , σ y ) for the Rashba SO coupling, and A = −κM (σ x , −σ y ) for the Dresselhaus SO coupling. While the canonical part (first term) of the particle current depends on the phase gradient ∇θ j , the gauge part (second term) is related to the phase difference θ • − θ • . For the Rashba case, according to the phase relation in Eq. (4), the particle current can be expressed as
where the directionê +ϕ (ê −ϕ ) is counterclockwise (clockwise) if the core component is spin-up (spin-down). It can be found that the canonical and gauge parts of the particle currents always take opposite circulating directions to guarantee less energy cost. In particular, for stronger SO coupling, the gauge part will play a dominant role, and the direction of the circulating current and the spin orientation in the vortex core satisfy the left-hand rule [73] , as shown in Figs. 2(a) and 2(b) obtained by numerical simulations. For the Dresselhaus-type SO coupling, a similar analysis as above leads to a particle current Thus, the Dresselhaus SO coupling induces an opposite chirality of the particle current with that of the Rashba case, which is verified by numerical simulations as shown in Figs. 2(c) and 2(d).
The generation of chiral circulating current implies that their exists a finite angular momentum in the ground state of the supersolid phase. According to Eq. (6), the angular momentum induced by Rashba SO coupling in each unit cell can be expressed as
As all vortices circulate in the same direction, the total angular momentum of the system is nonzero. We emphasize that such an emergence of finite angular momentum is a direct consequence of broken chiral symmetry, which is in stark contrast to the traditional means of yielding angular momentum by external rotation [40, 41] or synthetic magnetic fields [42] . In addition, the direction of the angular momentum is determined by the spin orientation in the vortex core; thus, it can be altered by changing the relative strength of the intracomponent interactionsC
. The total spin angular momentum S z is also nonzero in the chiral supersolid. From numerical simulations, we . The spin-orbit-coupling strength is fixed at κ = 4h/M Rc in (a), and the soft-core long-range interaction strength is fixed at C find that most of the particles prefer to reside in the vortex core with weaker intracomponent interaction, leaving fewer particles in the surrounding ring. For the parameters we have examined, the surrounding toroidal component constitutes no more than 10% particles in number [74] . In particular, the population of the toroidal component constitutes about 9.3% in Figs. 1 and 2 ; thus, the total spin angular momentum is about S z =h σz 2 ≈ ±0.4Nh. From Fig. 2 , we also find that the directions of the total spin angular momentum and orbital angular momentum are opposite for the Rashba SO coupling but the same for the Dresselhaus case.
Phase diagram.-Next, we map out the ground-state phase diagram as a function of the soft-core long-range interaction and SO coupling strengths by running code for a grid of parameter values. In addition to the chiral supersolid (CSS) phase discussed above, two other types of supersolid phases named the plane-wave supersolid (PWSS) and the standing-wave supersolid (SWSS) are discovered as shown in Fig. 3 . In both the PWSS and SWSS phases, the system renders a translation symmetry breaking to form a crystalline structure, as demanded for a supersolid phase. For the PWSS phase, the local condensate wave function within each unit cell features a phase modulation along a given direction We also notice that along the diagonal line in Fig. 3 chiral supersolid, which randomly chooses one from the two degenerate configurations as shown in Fig. 1 . In the phase diagram of Fig. 3(b) , we find another anomalous chiral supersolid (ACSS) phase. This phase also features chirality with finite spin and orbital angular momenta as the CSS phase discussed above. The only difference here is that the spin component with weaker intracomponent interaction prefers residing in the surrounding toroidal ring rather than the vortex core. For a conventional BEC without SO coupling, this form of phase separation is, in general, energetically unfavorable [80] . In the present case with SO coupling, however, a strong SO coupling requires a large angular momentum which can be more easily accommodated by a ring with a higher number density. Notice that by tuning through the transition from the CSS to the ACSS phases with adjusting the SO coupling strength and the interatomic interaction, one can change the direction of the angular momentum as can be read from Eq. (8) .
On the phase diagrams Figs. 3(a) and 3(b), there also exists a spin-polarized superfluid phase if one of the intracomponent interactionsC
is very weak. In this phase, all particles condense at the component with weaker soft-core long-range interaction, and the density and phase are uniformly distributed in space.
Conclusion.-In summary, we have investigated the ground-state phase diagram of spin-orbit-coupled Bose gases with soft-core long-range interactions. We have found that the system can stabilize an exotic chiral supersolid phase, which shows many unique properties: (i) There exists a spontaneous circulating particle current in each unit cell; (ii) the system gains a finite angular momentum with neither rotation nor effective magnetic field, whose direction can be altered by adjusting the strength of spin-orbit coupling or interatomic interaction; (iii) in some parameter regions, the chiral supersolid manifests anomalous behavior of phase separation. All these aspects go beyond our existing knowledge of generating angular momentum and phase separation, and bring new perspectives on the physics of spin-orbit coupling and supersolid phenomena.
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SUPPLEMENTARY MATERIALS
Numerical details. The many-body ground states can be obtained by numerically minimizing the Hamiltonian functional given by Eq. (1) of the main text. A widely used method for the minimization is the imaginary time algorithm [44] , which can be reduced to solving the dimensionless evolution equations
under the constraint condition |ψ ↑ | 2 + |ψ ↓ | 2 dr = 1. We develop a backward-forward Euler Fourier-pseudospectral discretization, which has been previously used in a pure hard-core system with spin-orbit (SO) coupling and demonstrated to be an efficient and accurate numerical scheme [45] . In order to get rid of the spatial derivatives, we transform Eqs. (S1a) and (S1b) into the Fourier space
whereG ↑,↓ takes the Fourier transform of the nonlinear terms
The convolution in Eqs. (S3a) and (S3b) can be calculated by
where the Fourier transformation of the soft-core long-range potential is represented by the Meijer's G-function [46] as
In treating the time derivatives, we use the backward (forward) Euler scheme for the linear (nonlinear) terms, then the final discretization scheme is written as
A similar discretization scheme, named backward-forward Euler sine-pseudospectral discretization, has been proposed and demonstrated for Bose systems without SO coupling [47] .
Quantum depletion. The validity of the Gross-Pitaevskii mean-field approximation can be checked by evaluating the quantum depletion caused by quantum fluctuations [48] . According to the Bogoliubov theory, the fluctuation part δΨ j (r, t) with (j =↑, ↓) around the condensate can be subjected to a canonical transformation resulting in the expansion δΨ j (r, t) = q u jq (r)e −iωqtγ q + v * jq (r)e iωq tγ † q , whereγ q andγ † q are the quasiparticle creation and annihilation operators associated with the q-th collective mode. The mode functions u jq (r), v jq (r) and the collective frequencies ω q are determined by the Bogoliubov-de Gennes (BdG) equation
in the case of Rashba SO coupling. At zero temperature, the number of the non-condensate particles can be calculated by δN = q |v ↑q | 2 + |v ↓q | 2 dr, where q is restricted by the nonnegative mode frequencies ω q > 0.
It is convenient to numerically solve the BdG equation (S7) in the Fourier space. In Figs. S1(a) and S1(b), we present the quantum depletion δN/(N + δN ) as a function of the SO coupling strength κ and the soft-core interaction strengthC
, respectively. One can see that, the quantum depletion is always less than 0.1%, thereby confirming the validity of the Gross-Pitaevskii mean-field approximation.
Experimental proposals. The experimental realization of the supersolid phase shown in Fig. 1 of the main text may resort to the 87 Rb platform, on which the Rydberg dressing technology [28] [29] [30] is used to creating the soft-core long-range interaction potential, and the Rashba SO coupling is created by modulating gradient magnetic field [49] [50] [51] . The scheme is illustrated in Fig. S2 . Its feasibility relies on the ability to switch between magnetic pulses and laser pulses [see Fig. S2(c) ].
The first two stages of the scheme imitate the version of a recent proposal [50] , where a strong time-independent bias magnetic field B 0 along the quantization axis z and an infrared (IR) magnetic field B in the x-y plane with a frequency ω in resonance with the splitting between the magnetic sublevels induced by the bias field [50] The cloud of atoms is positioned tens of micrometers above the surface of an atom chip. Two pairs of parallel microwires with amplitude modulated radio-frequency current are embedded in the chip, and produce periodic pulsed magnetic field gradients along perpendicular directions with the frequency equal to the magnetic splitting induced by a strong bias field B0ez between the sublevels mF = −1 and mF = 0. This induces an effective 2D spin-orbit coupling in the first-order approximation to the pulse duration τ . Three lasers are applied to coupled the two hyperfine ground states to a highly excited Rydberg state by a two-photon process, and create an effective soft-core long-rang potential in the condensate under the far-off-resonant condition. (b) Level diagram of the Rydberg dressing. (c) The pulse sequence used to implement spin-orbit coupling and soft-core longrange interaction. The parameters κx and κy characterize the strength of the magnetic field gradient, and β(t) defines the temporal shape of the magnetic fields.
ground electronic manifold. The magnetic field with B = −β(t)κ x ye x or B = −β(t − τ )κ y xe y is produced by a pair of wires along the y or x axis for the first (0 ≤ t < τ ) and the second (τ ≤ t < 2τ ) stages, respectively [50] , where κ x,y characterizes the strength of the magnetic field gradient, and β(t) defines its temporal shape satisfying
This magnetic pulse imprints a spin-dependent phase gradient on the atoms, and produces a time-dependent effective Hamiltonian with the spin coupled to the atomic momentum [50] . For a sufficiently short pulse period (τ → 0), the time-averaged Hamiltonian for the first two stages takes an SO coupling term V so = −ih(κ x σ x ∂ x + κ y σ y ∂ y ) in the first-order approximation [49, 50] , where σ x and σ y are the quasi-spin operators for the selected pair of states. The SO-coupling parameters κ x,y depend on the strength of the magnetic pulses, and one arrives at the isotropic Rashba-type SO coupling for κ x = κ y .
In the third stage, 2τ ≤ t < 3τ , the the magnetic field is turned off and the Rydberg lasers are applied. Both the two hyperfine ground states |F = 1, m F = −1 and |F = 1, m F = 0 are optically coupled to the same excited nS 1/2 Rydberg state by a two-photon process, as shown in Fig. S2(b) . As a typical example, we choose n = 60 and take 6P 3/2 as the intermediate state. It is also supposed that the two hyperfine ground states experience different Rabi frequencies Ω a and Ω b of the first photon transition but the same detuning ∆ 1 and ∆ 2 . In the region of a far-off-resonant coupling with Ω a,b ≪ ∆ 1 , the intermediate state 6P 3/2 can be adiabatically eliminated, and the system reduces to an effective two-level atom with a two-photon Rabi frequency
) and detuning ∆ = ∆ 1 + ∆ 2 for the state |F = 1, m F = −1 (|F = 1, m F = 0 ) [28] . In the case of weak coupling with Ω ↑,↓ ≪ ∆, the ground states are dressed by the effective soft-core long-range potential U ij (r) =C
characterizes the interaction strength and R c = (C 6 /2h∆) 1/6 represents the blockade radius with C 6 = 9.7 × 10 20 a.u. being the van der Waals coefficient of the 60S 1/2 Rydberg state [28, 29] . For a condensate with about N = 2 × 10 6 atoms, the soft-core long-range interaction parameters used in Fig. 1 can be realized by adjusting the two-photon Rabi frequency Ω ↑ = 420 kHz, Ω ↓ = 350 kHz and detuning ∆ = 50 MHz, which are experimentally accessible according the analysis of decoherence and loss mechanisms [28] .
Radius of the ring. It has been known that the lattice constant of the supersolid induced by soft-core interaction
6 is mainly dominated by the Blockade radius R c [28] . As the Rydberg Blockade limits the size of the unit cells in the supersolid phase, the radius of the ring is less than R c . In addition, it is also influenced by the interatomic interactions and the particle number distribution. While the radius increases with increasing hard-core interaction strength g, it decreases with increasing soft-core long-range interactionC [See Fig. S3 ]. In the chiral supersolid (CSS) phase the particle number of the core component is large, and the ring's radius is relatively large. In contrast, in the anomalous chiral supersolid (ACSS) phase the particle number of the core component is small, and the the ring's radius is relatively small [See Fig. S4 ]. Future prospects. The SO-coupled Bose gas with soft-core long-range interactions investigated here is a multi-parameter complicated system. For simplicity, some of the parameters such as the spin-exchange interaction are ignored, and many other parameters including the hard-core interaction, the inter-component soft-core long-range interaction and the blockade radius are taken with fixed values. At the same time, the soft-core long-range interactions are supposed to be much stronger than the hard-core ones. A natural extension of our work is to investigate the ground-state phase diagram within the full parameter space, and discuss the influences of the not yet studied parameters. It should be predicted that the competition between the hard-core and soft-core long-range interactions, as well as the blockade radius, will lead to other exotic phenomena in the SO-coupled system.
In addition to the Rashba and Dressehaus types, many new forms of SO coupling such as the NIST [9] , Weyl [52] , Raman Lattice [13] types as well as the angular SO coupling [53, 54] and SU(3) SO coupling [55] have been designed in hard-core systems, some of which has no analogue in condensed or any other forms of matters. The introduction of soft-core long-range interactions in these systems will open up a new avenue in cold atom physics, and make important breakthroughs in discovering novel states of matter and quantum phenomena.
